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Abstract 

We review the generalized Witten-Nester spinor stability argument for flat domain wall 
solutions of gravitational theories. Neither the field theory nor the solution need be super- 
symmetric. Nor is the space-time dimension restricted. We develop the non-trivial extension 
required for ArfS'-sliced domain walls and apply this to show that the recently proposed 
"Janus" solution of Type IIB supergravity is stable non-perturbatively for a broad class of 
deformations. Generalizations of this solution to arbitrary dimension and a simple curious 
linear dilaton solution of Type IIB supergravity are byproducts of this work. 
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1 Introduction 



Many domain wall solutions of supergravity theories have been studied in the literature in 
order to explore the AdS/CFT correspondence, to find a fundamental setting for brane world 
cosmology, and for other reasons. In this paper we will review and extend stability arguments 
for domain walls based on the elegant spinor methods of the Witten positive energy theorem 
and its generahzations [1, 2, 3, 4, 5, 6]. ^ 

Many solutions studied in the past are supersymmetric. One would expect these to be 
stable, and there are known arguments which use the transformation rules of the supergravity 
theory and the Killing spinors supported by the solutions. Yet these arguments do not apply 
to the many solutions with curvature singularities. 

Non-supersymmetric solutions are also known and might well be important since SUSY is 
certainly broken in our universe. Most domain wall solutions, both SUSY and non-SUSY, 
are planar; the isometry group of their metrics 



is the Poincare group in d flat space-time dimensions. (The choice h{r) = is convenient 
for many purposes but we keep h{r) unfixed to facilitate comparison with different radial 
coordinates used in the literature.) 

For planar domain walls there is a formal stability argument [5, 8] based on what we 
propose to call "fake supergravity". In fake supergravity one defines a spinor energy using 
fake transformation rules similar to those of a real supergravity theory, but containing a 
superpotential W{(f)) which is not that of the real theory. Instead W{(f)) must satisfy an 
equation which relates it to the scalar potential V{(j)), and one can formulate certain first 
order equations (the fake BPS equations) whose solutions automatically satisfy the second 
order Einstein field equations for domain wall metrics (1.1) and the accompanying scalar field 
0(r). If one can find a W{(f)) such that the domain wall solution under test is a solution of the 
first order system, then that domain wall is stable, if there are no singularities.^ One curious 
feature of fake supergravity is that it can work in any space-time dimension d, whereas real 
supergravity is limited to d < 11. 

Domain walls with the isometry group SO{d—l, 2) of the space-time AdSd have also been 
studied [9, 10, 11]. Their metrics take the form 



where gij{x) is a metric on AdSd with scale Ld- A domain wall of this type was recently 
found [12] as a solution of type IIB supergravity. The solution contains a fiowing dilaton 

^See [7] for a recent paper with similar aims which discusses the stabihty of p-brane spacetimes. 
^Further conditions are discussed in Sec. 3. 



ds^ = e'^^^'^Vijdx'dx^ + e'^^^'Ur^ 
rjij = diag(-l,l, 1,....,1) 



(1.1) 
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(f){r), but no other r-dependent matter fields, and there is an accompanying round 5*5 internal 
space. The solution is regular if one chooses parameters such that the rate of variation of 
the dilaton is sufficiently slow. 

In this paper wc develop stability arguments for non-singular AdSd-sliced domain walls. 
A non-trivial extension of the fake supergravity approach, related to the work of [9] in 
real D — 5 supergravity, is required for this. This argument gives a definition of energy 
which vanishes for the background solution itself and is positive for fluctuations about the 
background which obey suitable boundary conditions. 

These arguments imply that the solution of [12] enjoys non-perturbative stability with 
respect to fluctuations of the metric and dilaton while other fields of Type IIB supergravity 
remain fixed at their vacuum values. The formalism we develop can accommodate additional 
fields, but it becomes more difficult to establish the required properties of the superpotential. 
To remediate this difficulty we work in the spirit of [4] and derive inequalities which show 
that the "Janus" solution [12] is also stable within several different consistent truncations 
of Type IIB supergravity. Some of these truncations include negative fields and poten- 
tials unbounded below. These indications of global stability make it more compelling to 
understand the AdS/CFT dual of the solution proposed in [12]. Wc do not discuss this here. 

It is not guaranteed that a given solution of the field equations can be reproduced in 
the framework of fake supergravity. Indeed there are known solutions which are pure AdS 
metrics (those with A[r) = r/L in (1.1) if h{r) = and with fixed scalars) which are 
unstable because small fluctuations violate the stability bound of [21]. In general it is not 
always possible to satisfy the required conditions on the superpotential. 

In Sec. 2 we discuss the equations of motion satisfied by domain walls and present some 
simple examples of non-supersymmetric domain wall solutions of Type IIB supergravity. 
They involve a single flowing scalar field, the dilaton. These simple dilaton domain walls 
are the prototype solutions we study. The fake supergravity stability argument for planar 
domain walls (1.1) is reviewed in Sec 3. In Sec 4. we extend this argument to AdSd domain 
walls (1.2). Sec. 5 is devoted to stability arguments for the solution of [12] for non-dilatonic 
fluctuations. In Sec 6. we discuss a very simple and apparently new solution of Type IIB 
which emerged from the techniques of Sec. 4. 



Such actions can arise via Kaluza-Klein reduction of a still higher dimensional theory. Al- 
though we include only one scalar explicitly, additional scalars (with cr-model interactions) 



2 Domain Walls: Basics and Examples 



We consider a scalar-gravity action in d + 1 dimensions: 
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and higher rank bosonic fields can be included. The equations of motion are 

1 2 
—Rn,, = df,(f)du(f) + -: — -gf,uV{(f)) 
tv d -L 

D(f) = dV/d(j) (2.2) 

We assume that the potential V{(f)) has a critical point at = 00, with Vq = V{(f)o) < 0. 
Thus one solution of (2.2) is AdSd+i with scale L. In this case we have 

_ _d 

_ d{d-l) 

We will introduce explicit parameterizations of the AdS metric g^i, when needed. 
2.1 Flat domain walls. 

We are more interested in domain wall solutions of (2.2) with r-dependent scalar 0(r) and 
metrics of the form (1.1) or (1.2), and we require that these approach the AdSa+i geometry 
at the boundary. With the coordinate choice h{r) = 0, the boundary occurs as r ^ +oo. 
Frame and connection 1-forms and curvature tensors for our presentation of domain walls 
are given in Appendix A. 

We first consider flat domain walls. When the metric of (1.1) and the restriction = 0(r) 
are incorporated, the Einstein and scalar equations of motion of (2.2) reduce to ordinary 
differential equations in r, namely 



A" -Ah' = 



d-1 



rIV 

^" + {dA'-h')(P' = ^e'^ (2.4) 



It is quite well known [8, 13] that any solution of the following first order flow equations 
is also a solution of (2.4): 

A'{r) = 2e''W{(f){r)) (2.5) 
<P'{r) = -'^!^^e%W{(t^{r)). (2.6) 



The superpotential W{(f)) is related to the potential V{(j)) hy 
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«:V((/.) = 2{d - If { ^W" - ) . (2.7) 



•^The prime in W denotes a derivative with respect to 0, whereas the prime attached to the fields (p, A, h 
denotes a derivative with respect to the radial coordinate r. 
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These fake BPS equations for flat domain walls will be rederived in the next section. 

The simplest example of a domain wall is the following solution of (2.4) (with h{r) = 0) 
for the theory with constant potential V{(f)) = Vq of (2.3). The scalar satisfies (j)'{r) — 
cex]){—dA{r)). After routine integration, one finds 



A{t) = Ao + ^^ + ^log(l-e-^'^('-'^*)/^), (2.8) 



where c is related to the other integration constants by c = xI^-}l(AA) ^ This gives an asymp- 
totically AdS geometry with boundary region r — > oo, but there is a curvature singularity 
at r = r*. 

When d — A: this is the dilaton domain wall solution of Type IIB supcrgravity which was 
found and studied [14, 15, 16] in the early period of the AdS /C FT correspondence. As a 
solution of IIB supergravity, it is not supersymmetric. There are no true Killing spinors, 
since the dilatino condition from the Type IIB supergravity transformation rules 

8X = \l'{d,^ + ^e%iy - l^r-^ie-^^'Hll'^ + ie^/^F^^f )6 (2.9) 

cannot be satisfied because the axion ^ and 3-forms vanish. The indices /j,, p, p are 10- 
dimensional coordinate indices. 

We will now show that there is a superpotential W{4>) such that (2.8) is also a solution of 
(2.5, 2.6, 2.7) for any dimension d. We thus achieve fake supersymmetry, as we will confirm 
by exhibiting fake KiUing spinors in the next section. The obvious constant W — 1/2L does 
not work, but with the general solution of (3.11), namely 

W{cf>) = ^ cosh - ^o)j (2.10) 

one can easily integrate (2.5, 2.6) and find that the solution agrees with (2.8). The constant 
r* arises as an integration constant. 

Note that we have chosen the solution of (2.7) which is positive near the boundary value 
(p ~ 00, and we have chosen signs in (2.5, 2.6) so that the boundary of the geometry appears 
as r — > -|-oo. These conventions are natural for the extension to AdSa domain walls in Sec. 
4, but they differ from some earlier applications. 

Let us use the term adapted superpotential to denote the particular W{(f)) for which the first 
order fiow equations produce a given domain wall solution of (2.4). For non-constant V {(/)), 
it may not be possible to solve (2.7) and find the superpotential W{(j)) explicitly. This may 
be inconvenient, but to establish fake supersymmetry we need only know that the adapted 
superpotential exist for a given solution A{r), (f){r) of (2.4). If 0(r) is monotonic, the inverse 
function r(0) exists. One may then use (2.5) to define the adapted superpotential. 
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2.2 AdSd-sliced domain walls. 



We now discuss the equations of motion for AdSd-sliced domain walls of co-dimension one. 
Frames, connections and curvatures for the metric (1.2) are given in Appendix A. When 
inserted in (2.2) one finds that wall profile A{r) and scalar 0(r) obey the coupled equations 
which are modifications of (2.4), 



d-1 Ll 



A" 



(j)" + {dA' - h')(j)' = ^e^^^ (2.11) 

ocp 

A set of first order equations which extend (2.5 - 2.7) to Ad Sd-sliced walls was presented 
in [13]. These equations are 

A'{r) = 2'y {r)e^W{(j){r)) 

7(r) K,'' 0(p 
2id - I)'' ( 1 „„2 d „,j 



which differ from (2.5 - 2.7) by the inclusion of the factor 



The constant is the AdSd scale, and one obtains the previous (2.5 - 2.7) as oo. 
The system (2.12) is well-posed [13], but it is rather unworkable. In Sec. 4 wc will derive an 
alternate set of first order equations which involves an sM(2)-valued superpotential W(0) = 
W^a(0)T", where the r" are the Pauh matrices. The structure of the new equations is even 
simpler than (2.5 - 2.7) and they are easily solved, given W(0). However, W(0) must satisfy 
a nonlinear condition in addition to (2.7). We show that any solution of the new equations 
also satisfies (2.12). 



2.3 Janus solutions. 

A simple example of an AdSd-sliced domain wall is the extension to d dimensions of the 
dilaton domain wall solution of Type JIB supergravity of [12]. We take the constant potential 
— Vq, see (2.3), and we proceed as in [12], but use the radial coordinate r for which 
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h{r) — 0. We take 0' = cexp{—dA{r)) so the scalar equation of (2.11) is satisfied. Any 
solution of the wall profile equation 

A'^ = il/L^)[l - e-'^ + 6e-''^^], (2.14) 

will also satisfy the equation involving A" in (2.11). The constant b is related to c by 
b = i^^—^c^L'^. We have set L^ — L for simplicity. 

When 6 = 0, the solution gives pure AdSa+i in the form 

ds"^ = cosh^ {r/L)gij{x)dx'dx^ + dr^. (2.15) 

For b ^ we will not be able to solve (2.14) exactly (unless d = 2), and we need the 
following argument similar to that of [12]. With x = e~'^^, we consider the polynomial 
P[x) = bx*^ — X + 1. For small b, there are exactly two real zeros (which occur for x > 1). 
This continues to be true for 

At b — bo the zeros coalesce at xq — {bod)~'^ and become complex for b > bo. 

This behavior is relevant to the physics, as we can see from the imphcit solution of (2.14), 
namely 

dA 

, 2.17) 

The lower limit Aq will be specified below. For b > bo, there is no natural lower bound on the 
variable A and the geometry would be geodesically incomplete unless extended to A — > — oo 
where there is a curvature singularity. 

Therefore we restrict to the range < b < boin which the minimum value of A^n^n is given 
by Ajnin — — ln(xTOin)/2, whcrc Xmin is the smallest zero of P{x). The formula (2.17), with 
Ao — Ajnin thus defines half the geometry, namely the region < r < +cxd, Amin < A(r) < 
+00. This r > region is not geodesically complete. But all odd order derivatives of A{r) 
vanish at r = 0, so that A{r) can be extended to the region — oo < r < as even function, 
A{r) = A{—r), and the continued function is C°°. The full geometry is geodesically complete 
and has two boundary regions, namely r — > ±oo. 

With A{r) defined above, the dilaton is given by 

0(r) = 00 + c / e-^^^'^dr. (2.18) 
Jo 

It is monotonic, and odd in r except for the additive integration constant (po- In the boundary 
regions r — > ±oo, it approaches the limits 

POO 

0(r) ^ 0± = 00 ± c / e-'^^^^'^dr. (2.19) 
Jo 
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Our choice of radial coordinate r (with h{r) = 0) was motivated by the fact that (2.17) 
can be integrated in terms of elementary functions when d=2. This leads to the explicit 
presentation of the d = 2 solution discussed in Appendix B. However, the space-time 
geometry is most easily visualized using a radial coordinate of finite range. Therefore, in the 
rest of this section we switch to the notation of [12], with radial variable (corresponding 
to the case h — A in the notation above) , and we use a standard global metric on the AdSa 
slices. 

The metric (1.2) then takes the form 

ds"^ = — \-dt'^ + cos^ A dn'^ + dX^ + sin^A dO^ ^ (2.20) 

cos^A ^ ^ ' 

where the range of the principal coordinate of AdS^ is < A < | for d > 2, but — | < A < | 
when d — 2, and rffi^_2 is a metric on the unit sphere Sd-2- The wall profile A{ij) is defined 
implicitly by the integral 

dA , , 

H= / , 2.21 

It can be extended to negative // as discussed above. The range of ^l is — /iq < /j, < /Iq. The 
boundary limit no can, in principle, be obtained from the integral (2.21), with upper limit 
^4 ^ +00. For small b and general d, one finds the series expansion 

For d = 2 an exact expression is given in Appendix B. It is useful to note the near-boundary 
behavior of the scale factor obtained in (B.12): 

e^^(^) ^ . \ A l + 0{if,oTf^r)] (2-23) 

Thus the effect of the running dilaton on the wall profile is a 6-dependent change in the 
boundary limit /iq together with an order {/i ± /iq)'^'^ effect on the near boundary shape. 

In (2.20), which is the same as (20) of [12], we have extracted the conformal factor 
g2A(/i)^PQg2^^ so that the line element in square brackets can be viewed, at least heuristi- 
cally, as a conformal compactification. As discussed in [12] this conformal metric is similar 
to the Einstein static universe, and would agree with the well known conformal compactifi- 
cation of AdSd+i, in the limit 6 — >• when A(/x) — >• — ln(cos/x) and Hq n/2. In this limit, 
the spatial metric (i.e. fixed t) is a hemi-sphere of Sd- For b > and /iq > 7r/2, we also have 
a half-sphere but with angular excess as depicted in Fig. la. The boundary of the conformal 
metric then has two parts, hemi-spheres of Sa-i at /i — ±//o which are joined at the pole(s) 
where cos A = 0. 
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(a) (b) 

Figure 1: (a) Conformal picture of a constant time slice of the Janusian geometry. The boundary 
is indicated by the bold arcs, (b) Top view of the same picture. The coordinate A ranges from 
at the equator to 7r/2 at the north pole. The dashed line indicates the "contour" used to evaluate 
E\YN in Sec. 4. 



The angular coordinates /i, A are singular at the poles. However, one may choose regular 
coordinates there by embedding Sd in TZd+i with cartesian coordinates. For simplicity, we 
discuss the case d = 2m which we take coordinates z = sin A, x = cos A cos fi, y = cos A sin /i. 
The induced metric on 5*2, namely ds"^ = dx^ + dy'^ + dz^ = d\^ + cos^ Xdfi"^, is then regular 
at the pole at x = y = 0. Consider next the conformal factor = e^"^^^^ cos A. It follows 
from (2.23) that its near boundary behavior is 

Q ~ sin(/io =F /^) cos A (2.24) 
~ X sin /io =F 1/ cos /io (2.25) 

Thus Vf2, evaluated in the regular coordinates x, y is discontinuous as one continues from 
the boundary region /i = +/io, where y/x = +tan(/io), to the portion where /i = — /xq and 
where y/x = — tan/^o- This means that the factorization in (2.20) does not satisfy the 
strict definition of conformal compactification [17]). In practice, it means that the conformal 
boundary has corners at the pole(s), a geometric feature deduced by means of the regular 
cartesian coordinates.^ We will treat the corner in the boundary integral that occurs in the 
Witten-Nester stability analysis by deforming the contour around the corner as indicated in 
Fig. lb and taking the limit to the corner after the integration is performed. 

We are very grateful to Gary Gibbons for patient and useful discussions of the geometry and its conformal 
compactification . 
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An alternative approach is to work with the Fefferman- Graham coordinates, i.e. to look 
for a coordinate system where the metric near the boundary takes the form 

(Zs^ = ^ [dz^ + (fl'(o)ii + z^g(2)ij H ^z"^ {g{d)ij + \ogzh(^d)ij) H ) dx'dx-'] . (2.26) 

Such coordinate system can always be reached [18]. In this expansion (^(o) is the boundary 
metric. All coefficients in (2.26) but g(^ci) are locally related to 5^(0). g{d) carries information 
about the vacuum and correlation functions of the dual QFT, so this coordinate system is 
well suited for holography [19]. Transforming the Janus solution to this coordinate system 
appears laborious and seems to lead to singular g(^d)ij- Since we will not address the AdS/CFT 
duality for this solution, wc will not present these results here and continue in the rest of 
the paper with the coordinate system in (2.20). 

Domain walls with AdS slicing can also be presented using a Poincare patch metric for 
the AdSd slices [12]. The scale factor A{^) and local aspects of the discussion above are 
not changed, but the global structure is affected. In particular the metric is geodesically 
incomplete, and one needs its global extension. For this reason we formulate our stability 
study using the global version. The patch version may well be appropriate for the AdS/CFT 
dual. 



3 Stability of flat domain walls 

We review in this section the stability argument [5, 8] for asymptotically AdS [AAdS) flat 
domain walls with metric in the form (1.1) and accompanying scalar 0(r). The purpose of 
the argument is to show that the energy of deformed solutions of the equations of motion 
which approach the domain wall at large distance is higher than the energy of the wall itself. 
We use the following notation for the background flelds and deviations: 

ds^ = [g^y + h^^]dx^dx'' (3.1) 
(t> = ^ + ip. (3.2) 

The fluctuations /i^j^, (/? arc treated in full nonlinear fashion in the interior of the spacetime, 
but they vanish on the boundary. We will not state deflnite conditions on the boundary 
asymptotics in this section, but we will be quite speciflc when we discuss the extension to 
AdSd-sliced domain walls in Sec. 4. 

The spinor formalism of Witten and Nester provides a generalized "energy" Ewn with 
the following properties: 

• It computes a linear combination of the conserved Killing charges of the isometry group 
of the background, speciflcally the subalgebra contained in the SUSY anti-commutator 
{Q: Q}- Thus we expect to flnd spatial translations in d dimensions for flat walls and 
the charges of the algebra SO{d — 1, 2) for the ^Id^'^-shced walls we treat in Sec. 4. 
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• The charges vanish for the background solution under study, i.e. when h^iy and (p 
vanish. 

• The energy, defined with respect to the KiUing vector ^ of the background, is positive 
for all fluctuations which are suitably damped on the boundary. 

3.1 The Witten-Nester energy and positivity 

To define Ewn, we consider a ci- dimensional spacelike surface S, which can be thought of 
as the initial value surface for the Cauchy problem of the deformed domain wall spacetime. 
Denote its boundary by dT,. Then Ewn is defined by the boundary integral 

EwN^ / *E (3.3) 
of the Hodge dual of the Nester 2-form E — ^E/^^dx^dx" , defined by 

^ r^"'PVpe2 -Vy2^'"'^si. (3.4) 

The covariant derivative is 

= V^ + W^(0)r^, (3.5) 
where W{(f)) is any function of which satisfies 

W{cl>) ~_ ^ + 0{<p''). (3.6) 

The value of the integral over 9S depends only on the behavior of spinors £\(x\ £2(2^) near 
the boundary. Thus, at this stage, the spinors can be arbitrary in the interior, but must 
approach a background Killing spinor on the boundary. In general one must take independent 
spinors £i(a;), £2(2^) in order that E-^jq contain the full set of background charges. 

As in other treatments of gravitational energy, the surface integral form of E^/n is linear 
in the fiuctuations h^v-, V and thus not manifestly positive. To establish positivity we will 
use Stokes' theorem to rewrite (3.3) as an integral over E and then impose more specific 
conditions on VF(0) and £j(x). Stokes' theorem gives 

EwN^ jj^^^.E^"". (3.7) 

Note that this step requires that the background and deformed solutions are non-singular. 
There would otherwise be an additional surface contribution from the singularity or the 
horizon which shields it. There are known methods [20] to extend the treatment to include 
horizons, but naked singularities present substantial new problems which are beyond the 
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scope of the present work. One should note also that the effective current = V^E'^'^ is 
identically conserved, so Ewn defines a conserved quantity provided that boundary asymp- 
totics of the integrand is suitably restricted. 

Wc now take £i = 62 in (3.4) because we are interested in demonstrating positivity. The 
integrand of (3.7) may now be manipulated as in [5] using the equations of motion (2.2) and 
regrouping of terms to obtain 



WN 



+£r% I -«V(</)) + 2{d - If ( - -j^w^ 



25^l;,r^^^''5^, - -5xr^5x (3.8) 

y d-1 

where W = dfj^W and we have defined 

Stl^i, = (3.9) 

Sx = (r^v,<p-'^^^^w'y. (3.10) 

The condition that Ewn vanish in the undeformed background is satisfied if we impose 
the following conditions: 

• The last term in (3.8) is cancelled, both with and without fluctuations, if we require 
that 

.(,).H(^(-L..__4_..). ,,n) 

• We further require that (with no fluctuations) 

{V^ + r^W{^))e = (3.12) 
f ^V^0 - ^^^^M^'(0)) e = 0. (3.13) 

An "overbar" on any quantity indicates that it is to be evaluated in the background 
geometry. 

The integrability conditions of the equations (3.12), expressed in the coordinates of (1.1), 
give the first order flow equations (2.5, 2.6) [8]. The spinor solutions of (3.12) are the 
background Killing spinors 

Mr) 

e — e 2 £0 

r% = £0, (3.14) 

where £0 is a constant spinor which is chiral with respect to the radial component of F". 
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The supcrpotential W{(f)) must satisfy (3.11) and the boundary condition (3.6). This 
guarantees that the scalar profile 0(r) and scale factor A{r) obtained from (2.6, 2.5) are also 
solutions of the field equations (2.4). 

Positivity with fiuctuations is now a relatively simple matter, since there are only two 
terms left in (3.8) and the second one is manifestly positive. We still have the freedom to 
modify the definition of the spinor e{x) for deformed solutions, and we impose the Witten 
condition 

r^Vksix) = (3.15) 

where the time coordinate is omitted in the sum over k. One must choose a solution which 
approaches an arbitrary background Killing spinor on the boundary. We do not discuss the 
existence of Witten spinors here. In a frame where is orthogonal to the surface E^f^ 
reduces to the positive semi-definite form 

EwN = J d'^'^xe 

This energy functional vanishes if and only if 

VkS = 0, Sx^ 0. (3.17) 

The set of solutions to these equations is given by the space of solutions of the first order 
equations (2.5, 2.6). If we impose that the solution should satisfy the boundary condition set 
by the undeformed solution, then Ewn vanishes only for the undeformed background. The 
existence of other solution that have zero energy but different boundary conditions may be 
considered as an indication of marginal stability, but it is unclear whether we should allow 
such configurations. We leave this issue open. 

We can now state a sufficient condition for the stability of a domain wall of the form 
(1.1) which is an asymptotically AdS solution of (2.4) and involves a scalar whose mass 
satisfies m%p = — ^ < < 0. The scalar profile then satisfies 0' = on the boundary. If 
there is a supcrpotential W{4>), satisfying (3.11), such that the domain wall is a solution of 
(2.6, 2.5), then it is stable. It then follows from (2.6) that W vanishes on the boundary. 
For analytic Vt^(0) this is equivalent to (3.6). It is not guaranteed that the required adapted 
supcrpotential exist. As discussed at the end of Subsection 2.1, if 0(r) is monotonic, then 
W{(f)) is defined implicitly. If it doesn't exist, then one may suspect instability, but instability 
does not follow from this framework. 

The roots of the argument above lie in supergravity, as the matrix structure of the Nester 
2-form (3.3) and the form of (3.9, 3.10) clearly show. But the argument can be applied 
to any model of gravity and scalar fields, in any space-time dimension, provided that the 
required adapted supcrpotential exists. 



(3.16) 
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3.2 and conserved charges 



Our next goal is to obtain a concrete formula for the boundary integral form of Ewn and 
to show that it indeed gives a combination of the translation Killing charges of fiat domain 
walls. Because we work at the boundary, linearized expressions for the connection and frames 
of the deformed metric are appropriate. Linearization in the scalar fluctuation is valid for 
single-scalar models where the scalar mass satisfies > m^^.. However, terms of order 
(p"^ can contribute to -Eh^at when the scalar mass saturates the BF bound [21] and in other 
situations. An example was recently discussed in [22]. 

Let E'^ denote a vielbein of the background metric in (3.1). The linearized spin connection 
is then given by 

5u^ab = I [K^hKu - KVaV] (3-18) 

where V is a background covariant derivative. It is most convenient to use background 
Killing spinors to compute Ewfq. We insert (3.18) in (3.3) and obtain, using (3.12) and 
some Dirac algebra, 

EwN ^ -\l [£ir;.£2(v''V-v.(^^"V))-^ir.£2(v''V-v^(/"V)) 

^ -1 p 

eiT^''W'{4>)e2^di:^, + h.c. (3.19) 

All quantities in this equation, except h^tv and </? refer to the background. Our computation 
used only the general background-fluctuation split in (3.1). It is thus vahd both for flat 
domain walls and for other situations in which the Witten-Nester approach to stability has 
been applied. For example, it is applicable to asymptotically flat metrics in which W{(j)) and 
W'{(l)) vanish. In this case it is quite straightforward to show that (3.19) yields the same 
expressions for energy and momentum given in (70) of [1]. 

Let us discuss the formula (3.19) in more detail for flat domain walls. First we find 
from (3.14) that the bihnears eiV^^e2 do span the expected set of translation Killing vectors^ 
However, the role of tensor bilinears eiV'^^e2 is far from clear. To discuss them, we distinguish 
between components eiV"e2 with one radial index, and components eiV'^^e2 with both indices 
along the domain wall. The latter vanish due to the chirality properties of the Killing spinors 
(3.14), while the former are proportional to translation Killing vectors. Thus Ey/N indeed 
produces a combination of the translation Killing charges of the deformed domain wall! We 

^The case d=2 is exceptional. Due to chirality, the Killing spinors have effectively only one component, 
so eiT^^e2 has vanishing spatial component and gives only the time translation or energy Killing vector. 
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note further that vanishes, so that the last term in (3.19) is absent for fiat domain 

walls. 

As a final check let us note that the boundary volume element has components dlltr where 
t is the time coordinate of (1.1). Wc now use radial coordinate r for which h{r) = in 
(1.1). In that case, A{r) ~ r/L at the boundary. It is also known that normalizable metric 
fluctuations vanish at the rate /i^i^ ~ exp{—dr/L). Putting things together we see that the 
terms in the flrst three lines of (3.19) are generically finite on the boundary. 

We conclude this section with an illustration of one of the subtleties of the argument, 
namely that the existence of an adapted supcrpotential satisfying (3.11) is not sufficient to 
guarantee stability. In addition one needs (3.6) which implies that the AdS critical point of 
the potential V is also a critical point of W. To illustrate this issue we consider the following 
supcrpotential: 

W = Wo + Wi(j)+ 2(^1 ^^ f^^'^o'P^ + (3-20) 
The corresponding potential from (3.11) is 



«:V(0) = 2(d-l)' ( ^ - (^^"'oj -2(^-1) [dwl - ^w^w,(d - 1) ) <t>'+0(<t>'). (3.21) 



This potential has a critical point at (p — which is AdS provided 

< (^^ry^'^o- (3.22) 

This critical point however is not a critical point of W. If the product wiw^ is sufficiently 
large, the mass of the scalar lies below and the perturbative argument [21] for instability 
applies. We may apply the Witten-Nester argument to investigate stabihty of the AdS 
solution of the theory (2.1) with potential above. The argument does not apply if one uses 
the covariant derivative (3.5) with W above because AdS spacetime is not a solution® of the 
flow equations (2.6, 2.5). Nor can there be any other supcrpotential, satisfying both (3.11) 
and (3.6) because it is known [5] that this implies that > m\p. Thus the perturbative 
and non-perturbative analysis are compatible. This example illustrates the importance of 
the condition (3.6) for stability. 



4 Stability of AdSd domain walls 

In this section we extend the argument of Sec. 3 to cover AdS'^-sliced domain walls. The 
springboard for our approach was the study of AdSi-s^ced. walls in genuine D — 5, N — 2 
supergravity in [9]. The natural spinors in this theory are a symplectic-Majorana doublet, 

preliminary study indicates that the flow equations can be integrated, but give a pathological geometry. 
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and the superpotential appears as the SM(2)-valued matrix W(0) = Wa{(p)T'^, where the r" 
are the three Pauh matrices. In genuine D = 5, N = 2 supergravity, the matrix superpoten- 
tial is determined by the gaugings of R-symmetry and isometries of the internal geometry 
[23, 24, 25]. The internal space is the product of a very special manifold (for scalars in 
vector and tensor multiplets) and a quaternionic manifold (for scalars in hypermultiplets) . 
The superpotential is given by the product of the embedding coordinates of the very 
special manifold and a triplet of Killing prepotentials Puj depending on the scalars of the 
hypermultiplets. In the absence of hypermultiplets, a matrix superpotential is still possible'^ 
and it is determined in terms of Fayet-Iliopoulos constants and the . 

None of this technical detail need concern us in fake supergravity, which works in any 
dimension and with any number of real scalars. Wc simply double the spinors used in Sec. 
3, taking e", a = 1, 2 as a pair of Dirac spinors in dimension d + 1. The matrix W(0) acts 
on the index a, but we can usually suppress it in explicit formulas. Many previous formulae 
remain valid when understood as extensions to the doubled spin space, with the replacement 
W{(l)) — > W(0). Note that quadratic quantities such as and {W, W'} are proportional 
to the unit matrix. When they appear in our equations below they should be interpreted as 
scalar-valued. 

The energy of any perturbation of an AdSd-sliced wall is contained in the Nester 2-form 
(3.4) with an su{2) extension of the covariant derivative (3.5). All formal manipulations 
which lead to the volume form (3.8) of the energy also have obvious su{2) extensions. With 
an sii(2)-extended Witten spinor (3.15), the energy becomes manifestly non-negative. The 
non-trivial task now is to establish the consistency of the formalism by showing that there 
are fake Killing spinors so that the energy vanishes for domain wall backgrounds of the form 
(1.2). We use the frames and spin connections given in Appendix A. 

4.1 Killing spinor consistency conditions and the new flow equa- 



The su{2) extension of the argument of Sec. 3 requires that the fake Killing spinors satisfy 
the following conditions^: 



tions. 








(4.1) 



[dr + T^e''W]e = 



(4.2) 



(4.3) 



''We thank Antoine Van Proeyen for correspondence on this issue. 
^As in Sec. 3, W' and W" denote derivatives with respect to ^. 
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In addition W(0) must be related to the potential V^(0) by 

«:V(0) = 2id - If (IW^ - ^W^) . (4.4) 

In (4.1), the covariant derivative contains the connection of an AdSd metric with scale L^. 

We now extract the integr ability/consistency conditions for (4.1 - 4.3) and show that they 
imply that the background metric and scalar satisfy the original Euler-Lagrange equations 
(2.11). We also obtain a constraint on W(0). 

Consider first the fake dilatino condition (4.3) which can be rewritten as the chirality 
condition 

rs^?^e"y^e (4.5) 
on fake Killing spinors. The square of this gives the scalar condition 

^'^ - (^^^^^y e'^W" = 0, (4.6) 

which shows that the matrix on the right side of (4.5) has eigenvalues ±1, as required for 
the consistency of (4.5). 

The integrability condition for (4.1) is 



' + A'^'^-^'^ - 4e2^W2 = 0, (4.7) 
while the compatibility of (4.1) and (4.3) requires (after use of (4.5)) 

A'cP' + ^ii^e^'*! W, W'} = 0, (4.8) 



The mutual integrability condition for (4.1, 4.2) directly gives the A" — A'h! field equation 
of (2.11) after (4.6) and (4.8) arc used. The remaining compatibility condition between (4.2, 
4.3) will be discussed below. It is an important constraint on W(0). 

We can now easily recover the other equations of motion in (2.11). First we combine (4.6) 
and (4.7) and use (4.4) to obtain the A''^ equation from (2.11). Next we take the r-derivative 
of (4.6) and find 



2{d-l 



\2 



0" - h'4)' - ^-^-^e^'^IW, W"}. (4.9) 

The sum of this plus d times (4.8) yields exactly the scalar equation in (2.11). Our formalism 
is thus consistent with the field equations of ArfS'^-sliced domain walls! 

The next step is to extract from the information above a small set of equations which 
determine 0(r), A{r). The first equation is just the square root of (4.6) with sign chosen to 
make 0(r) monotonically increasing 

0'(^) = ^il^e'^VW^. (4.10) 
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The second equation is a purely algebraic equation for A{r), obtained by equating the ex- 
pressions for A''^ obtained from (4.7) and from (4.8, 4.10): 

^ ■ ^'-''^ 

The right side is non-negative by the Schwarz inequality. 

We now show that (4.10, 4.11) are equivalent to the first order set (2.12) provided that 
W satisfies (4.4) and a further condition given below. This then guarantees that the new 
system gives a solution of the original field equations (2.11). In making the comparison with 

(2.12) , we interpret W = vW^ and W = -^W. First we must require that the relations 
between W and the potential V{4>) in (2.11) and (4.4) are equivalent. Thus we identify 

7 = ^ — -n — -r- 4.12 

The algebraic equation (4.11) then implies (2.13). ^ This also shows that (4.10) is equivalent 
to the 0' equation in (2.12). 

It is also easy to obtain the A' equation in (2.12). Substitute (4.10) into (4.8) which gives 

We then use (4.12) to recover the form in (2.12). However, there is a subtlety here. Namely 

(4.13) is compatible with the expression for A' obtained from the logarithmic derivative of 
(4.11) combined with (4.10) only if W(0) satisfies the constraint 

Tr WW Tr WW" - Tr W^ Tr WW" 



TrW2 TrW^ - (TrWW)^ rf-T 



(4.14) 



The compatibility condition between (4.2) and (4.3) provides a simple direct constraint 
on the superpotential W(0) which supersedes (4.14). After use of (4.9) and (4.5), we find 
that W must obey the following consistency condition 



W', ^^-^W" + w 



0. (4.15) 



This condition, which must hold for any potential, is a necessary condition for the existence 
of fake Killing spinors and will be important in their construction below. 
Since the Cartan subalgebra of su{2) is one dimensional, 

^2 

W" = «((/)) W - - — ^W, (4.16) 



®For the Janus solution discussed further in Sec. 4.3. the factor 7 appearing in (2.13) vanishes at r = 
and has to be therefore extended as an odd function to negative r. This amounts to setting 7 = —^^^^=. 
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where a{(f)) is a real function of the scalar field. One can see that (4.14) is trivially satisfied 
if (4.16) is inserted. By taking the anti-commutator of both sides of (4.16) with W', one 
finds that 

{d+l){W,W'} + 



«2 



2{d - 1) W'^ 



(4.17) 



2{d-l) del) 

The equation (4.16) imphes that the matrix W" hes in the vector space spanned by 
matrices W and W. Taking further derivatives one can see that actually all derivatives he 
in the same two dimensional vector space. Thus, assuming analyticity, the superpotential 
W(0) remains in a fixed subspace for all values of 0. This allows us to make the convenient 
gauge choice 

W^(°-). (4.18) 

In this gauge the consistency condition (4.15) reduces to 

(4.19) 



n', I ^'n" 1^2 



It is quite remarkable that we have replaced the system (2.12) by the simpler set (4.10, 4.11) 
in which only one integration is required given the superpotential W(0). However, the 
conditions (4.4, 4.16, 4.17) which determine W(</)) from V^(0) are not necessarily easy to 
solve, as we discuss below. It appears possible to shift the strategy as follows. First obtain 
a superpotential which satisfies (4.16) and use (4.17) to define a potential. The AdS'd-sliced 
domain wall then obtained from (4.10, 4.11) will be stable. 

We may summarize the results above as follows. If the matrix superpotential W(0) 
satisfies (4.15) and (4.4), then any solution of (4.10, 4.11) satisfies the field equations (2.11) 
for 74dS'(i-sliced domain walls. The KiUing spinor equations (4.1 - 4.3) are then mutually 
consistent and we should be able to find the Killing spinors. 

4.2 Explicit Killing spinors. 

Let Sk denote a conventional Killing spinor of AdS^ which satisfies^^ 



Ek = 0. (4.20) 



For d — ^ there are 8 independent Sk- For each independent Sk-, there is an sii(2) fake 
Killing spinor of the form, 

s-el^r^ ° \ ( + ^ f421) 



10 



In this equation Fj = ejar" is an AdSd gamma matrix. 
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One can check directly that the defining conditions (4.1) - (4.3) are satisfied. For this 
purpose one needs the following formulas: 

^ = -3^f- + -) (4.22) 
(f)' d-l\u' u'J ^ ' 

= -i-— + A'e-^-2uj\— (4.24) 
Ld V uj' 

which follow easily from (4.6)-(4.8) and (4.19). Note that the prime on uo and oo means a 
derivative with respect to 0, whereas the prime on A oi (f) means a derivative with respect 
to r. The fake Killing spinor bilinears £17*62 (with £1 7^ £2) span the set of Killing vectors 
of the AdSd isometry group SO{d — 1,2), as they should. 

4.3 W(0) for the Janus solution. 

In this subsection we analyze the conditions which determine W(0) in more detail and show 
that there is a solution which generates the solution of [12] and thus establishes its stability. 
Inserting the ansatz 

cu(0) = w(0)e^^('^) (4.25) 

into (4.19) and (4.4) one finds 

^J^.Ol-l.^^^ = ^ „ ,- = 0. (4.26) 
u' w w a — 1 

Eliminating 9 from the system of equations we find 

XX" - ^X'^ + ^K^V'X' - (v" + j^V^ X - 2k^X^ = '^V'\ (4.27) 
where we have introduced 

X{(t))^2d{d-l)w'^ + K^V. (4.28) 

For a constant potential V — Vq this is an autonomous differential equation which can 
be solved by standard methods. One takes as a new independent variable X and new 
dependent variable u — X' . Then using ^ = u-^ we find a first order linear ODE for v?, 

Xd _ rf+1 2 _ _ 2^2^2 ^ Q (4 29) 

2 dX^ > 2d d-1 ^ ^ ' 



^^For an exponential potential, we can write X = VY and obtain again an autonomous equation for Y. 
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Solving this equation and passing back to the original variables we find X{(l)) defined implic- 
itly by 

d — I dx , , / , „„s 

= 0OO - 0, (4.30) 



4dK^ 



\J x"^ — k^Vqx — (3x''y 



where 0oo is the boundary value of the field at r = +00. We have fixed the shift invariance 
of (4.29) by requiring that X(0 = 0) = Xmin, where Xmin is the smallest positive root of 
the denominator in (4.30). Equation (4.30) thus defines X[(f)) for (j) > only. It can be 
continued, however, as an even function to negative 0. 

As we shall show below the integration constant (5 is related to the parameter b of the 
Janus solution by equation (4.40). Once we have obtained the magnitude w we can find the 
phase 9 simply by an integration 

0^-0 r /""^ (4.31) 

•'0 (x-kWo)^x^-k''VoX-Px^ 



Prom (4.28, 4.30, 4.31) one can find the behavior of the superpotential as — > 0oo) namely 

X ^(0-0oo)^ 

1 K d , / \2 

" " 2L + 4Z(Z^^'^-'^-)' 

Plots of the magnitude and the phase of the superpotential are shown in Figures 2, 3. 

Let us now demonstrate that the above fake superpotential does indeed generate the Janus 
solution. Prom the definition (4.28) and the relation (4.4) we find easily 
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The scale factor can then be calculated from (4.11) and (4.30) 

To facihtate the comparison let us choose a coordinate in which the dilaton is linear in the 
coordinate r. In particular we take 0(r) = Clearly this can be achieved for the Janus 
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w 




Figure 2: Plot of the magnitude w{(f)) for d = 4, L = 1 and b = 0.1. 

solution since the dilaton is a monotonic function of the radial variable. Using 0' ^ we 
find using (4.10) and (4.34) 

6-2^^ = 2L'^X. (4.37) 
From (4.36) and (4.37) we see that ho = h — dA is a constant and is given by 



Taking a logarithmic derivative of (4.36) we find 

2dX^ 



1 ri^' 



I p2dA+2ho _ p2{d-l)A+2ho (A 'iO) 

L\^d{d-l)^^ UJ ■ ^ ^ ^ 

Comparing this first order ODE with the equation obeyed by the Janus solution following 
from (2.11) in the same linear dilaton coordinates, we see that they are indeed the same 
provided we identify 

d{d - 1) / 2L2 
~2I^\hd{d-l), 
Note that the coordinate independent definition of h is 



0''e2'^^-2^ (4.41) 



d{d - 1) 
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e 




Figure 3: Plot of the phase for d = 4 and b = 0.1. 

which is indeed a spacetimc constant as follows from the equation of motion in (2.11). 

Finally let us mention, that in addition to the Janus solution, there are other simpler solu- 
tions to the equations (4.26). In particular there are two solutions with constant magnitude 

X ^ 0, = -irr, 0((p) = const. 

4L2 

The first solution is just the standard AdSd+i space, whereas the second solution leads to 
an interesting linear dilaton background discussed further in Section 6. The equation (4.27) 
also admits a cosh type solution 



X = ^smhM.W^(0-0o) 




e = 00. (4.43) 

However, (4.10) and (4.13) then generate the singular profiles found for flat dilaton walls in 
Sec. 2.1. This case appears to be a degenerate limit of our equations, since the right hand 
side of (4.11) vanishes, implying that La — > oo. 
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4.4 for deformations of the Janus solution. 



We have demonstrated above the existence of an su{2) superpotential W(0) for which 
(4.10, 4.11) generate the AdS4-sliced domains wall of [12] and its d-dimensional gener- 
alizations. This means that these solutions enjoy non-perturbative gravitational stability 
with respect to fluctuations of the metric and dilaton. To complete the discussion we now 
show that the surface integral (3.19) form of Ewn is well defined on the boundary of the 
coordinate chart (2.20) in Sec. 2. Wc specify the behavior of metric and dilaton perturba- 
tions, such that EiYj^ computes a finite linear combination of charges of the AdS^ isometry 
group. 

The treatment of Sec. 3 applies with few changes to ^IdS'^-sliced domain walls. We consider 
perturbed solutions of the form (3.1) with background metric (2.20) and accompanying 
dilaton. The background frame forms are 

^ Le^(^)rf/x (4.44) 

E^ = =^^dX (4.45) 
cos A 

E' = =^—dt (4.46) 
cos A 

Le^('^)sinA ^ ,^ 

= (4.47) 

cos A 

where e" is a frame on 3^-2, a — 1, ... ,d — 2. 

The boundary consists of the 3 components shown in Fig. lb: 

1. The portion ai /i — —/Iq with < X < ^ — S and volume form 

dE*'^ = L^e-^^^'^) cos A A A ... A E^ (4.48) 
where 5 is a small positive number. 

2. The keyhole surrounding the corner on which X — ^ — 5 and —/Iq < /i < /Iq with volume 
form 

dE'^ = -L'^e-^^^"^ cos^ XE^AE^A...A E^ (4.49) 

3. The portion n = hq with < A < | — 5 and volume form (4.48). 

An important change is that the Killing spinors to be used in (3.19) arc those given in 
(4.21) in which we now replace and define ^ = {^)^- Now let T denote any matrix 

of the Dirac (Clifford) algebra in d dimensions. It is easy to compute the Killing spinor 
bilinears 

£ir£2 = 2e^^CeKiir-mr^)sK2 (4.50) 
EiFWe^ = 2e^£xi{Re(e'cZ;)[r^r]-Im(fa;)(r + r'^rr'^)}£;^2. (4.51) 
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The first equation tells us that 81^82 is a Killing vector of the l)-dimensional space-time 
with vanishing radial component [p ^ fi). Transverse components {p ^ i, i = 0, . . . ,d—l) 
arc proportional to e^eKi^^£K2, which is an AdSd Killing vector, and the full set of these is 
spanned as we vary Ski- Sk2- 

Let's look first at the last term of (3.19), which involves the tensor bilinear £:ir''''W'£:2- 
The second equation in (4.50) apphes if we change W W on both sides. The product 
^^uj' — y/O'co' is real, so only the commutator term in (4.50) contributes. On the keyhole 
part of the boundary, we find [F^, F*^] which vanishes. On the boundary components at 
p = ±po, we find [F'^, F*''] — — 2£J^'^F*. The tensor bilinear thus reduces to a multiple of 
the energy Killing vector. Thus the last term of (3.19) certainly vanishes on the keyhole, 
and we now show that it vanishes on the other two boundary components by examining 
the behavior of the integrand as p ^ ^Po- We note the behavior vW^ (f)' ^ Q-dA{n) ^ 
which follows from (4.10) and the property of dilaton in the solution of [12] noted above 
our (2.16). Using (4.44, 4.50), we find that the factor £iVt^^N'e2dT.*^' is constant on the 
boundary. However the normalizable dilaton fluctuation vanishes on the boundary at the 
rate </? ~ (/x ^ p^Y ~ e"^'^^'^^. Thus the last term of (3.19) vanishes for our dilaton domain 
walls. 

Let's look next at the terms of (3.19) involving £iF'*^W£2 dH^j. with various index as- 
signments. On the boundary components p = ±po, the product ^"^u is real, as follows from 
(4.24) or (4.32). Thus only the commutator term contributes in (4.50) and it is non- vanishing 
for index combinations F'** only. It then follows from (4.44, 4.50) that £iF'**W£2 vanishes 
as e"^^'*^ and is proportional to an AdSd Killing vector. Clearly, gf"^ ~ e~'^'^^^\ The 
volume element behaves as dJ^t^ ~ g{rf+i)A^ while normalizable metric fluctuations vanish 
at the rate h^^ ~ p('^-<i)Mp) ^ Putting these factors together, we see that the terms under 
consideration give a finite contribution to the energy of a deformed domain wall. 

To analyze the behavior of the tensor bilinear terms on keyhole, we must take the limit 
5 — > 0, which is the boundary limit cos(A) — on the AdS^ slices. We discuss this limit 
first for the bulk space-time AdS^+i with AdSa slicing and then adapt the argument to the 
dilaton domain wall geometry. 

In Sec. 2 of [12], global metrics for AdS^+i with both standard and AdS^ shcing are both 
derived from the embedded hyperboloid description: Xq + Xj_^-^ — Xf — ■ ■ ■ X]^ — L"^. The 
two metrics are 

7-2 

ds'^ = — — i-dt'^ + do"^ + sin'^ dnl_A 

t2 

= — — (-di^ + cos^A V + dA^ + sin^AdQLo) (4-52) 

cos"' p cos^ A 

Comparison of the conformal factors yields one relation between the two sets of coordinates, 
namely cos^ = cos //cos A. A normalizable mode of a scalar field transforming in a repre- 
sentation of the isometry group SO{d, 2) with lowest weight A of the SO (2) generator (the 
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energy) vanishes at the rate (cos^)^ on the AdSd+i boundary. When expressed in terms of 
the coordinates for AdSd shcing it therefore vanishes at the rate (cosA)^ as A — > ^. For the 
massless dilaton A = d. We need the corresponding resuh for metric fluctuations h^^- In 
the "axial gauge" h^^ = h^i = 0, hij is related by hij = e'^^hij to the fleld hij, whose wave 
equation is the same as that of a massless scalar. Thus normalizable modes of /zjj ~ (cosA)"^. 

We use this rate to obtain the behavior of the tensor terms of (3.19) as the keyhole bound- 
ary contribution shrinks toward the corner. We need the fact that the AdSd KiUing spinors 
behave as Ek ~ (cos A) 2, and that the volume element behaves as dEtx ~ (cos A)"''. It is 
convenient to work in the axial gauge. Detailed inspection of the various tensor components 
in (3.19) shows that they vanish at least as fast as (cosA)'^. The analysis so far is valid for 
AdSd+i- However, the domain wall space-time shares the isometry SO{d— 1, 2) and may be 
viewed as a small distortion of AdSd+i when the parameter h of (2.14) is small. Therefore 
we expect at most a small modification of the exponent in the behavior hij ~ (cosA)"^ we 
assumed. Thus we reach the conclusion that the contribution of tensor terms on the keyhole 
part of the boundary vanishes as 5 — > 0. 

It is now straightforward to analyze the boundary behavior of the terms in (3.19) involving 
the Killing vector bilinears. Using the asymptotics of the metric fluctuations hij discussed 
above, we flnd a vanishing contribution from the keyhole at the rate (cosA)^ as 5 ^ and 
a flnite contribution from the boundary components at = iyUg. 

In summary, we have shown that Ewn computes a linear combination of the AdSd charges 
for any deformation of the dilaton domain wall metric solution which satisfies the asymptotic 
conditions stated above. The energy of such a deformation is positive. The keyhole part of 
the boundary does not contribute. 

5 Stability with additional scalar fields. 

The stabihty argument developed in Sec. 4 strictly applies to models with action (2.1) 
containing only a single scalar fleld. At the formal level it is straightforward to add additional 
scalars, but the equations (4.4, 4.16 - 4.17) which determine the superpotential W become 
partial differential equations in fleld space, and it is more difficult to show that W exists. 
However, it is important to extend our results for the stability of the Janus solution of 
Type IIB supergravity to include the additional fields which appear in compactifications to 
5 dimensions. In this section we develop a reasonably general stability criterion, related 
to the approach of [4]. We then test this criterion in several known consistent truncations 
of Type IIB supergravity which involve the negative scalars with potentials unbounded 
below. These fields are certainly the main threat to stability, and it is gratifying that the 
test is satisfied in all cases examined. 

The new criterion applies to dilaton domain walls in theories containing the dilaton plus 
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additional scalars ■0" with action 



(5.1) 



We assume that the potential l/('0") does not depend on the dilaton, and that there is a 
scalar superpotential [/(■0") which is related to V by (with ^) 

V^pU,aU,a-qU\ (5.2) 
In our conventions, the constants are given by 

P = (5.3) 

2d(d - 1) , , 

as in (3.11), but we allow different values to facilitate comparison with models in the literature 
which use different conventions, but p, g > always. In the models we study below U (■0") is 
a true supergravity superpotential generated in the truncation from 10 to 5 dimensions, but 
it could also be a fake supergravity superpotential obtained as a solution to (5.2) viewed as 
a partial differential equation for U (■0") . We also assume that 

U,a \ipb=o = (5.5) 

so that the equations of motion of the enlarged system have the same AdSd-sliced dila- 
ton domain wall solution discussed in Sec. 2 with all i/j"" = 0. We let W(0) denote the 
superpotential obtained in Sec. 4 for the dilaton domain wall. 

Our strategy [4] is to find a new superpotential W(0, ip"") to be inserted in the covariant 
derivative (3.5) of the Witten-Nester integral. The new form should have the property that 
the last term in (3.8) is replaced by 

P(W,0 )' + P>V,a yV,a -gW' - V{r) < 0. (5.7) 

The last term of (3.8) will not vanish in general as it does for a true adapted superpotential, 
but it is non-negative. At the critical point ■^^ = it will vanish, thus guaranteeing stability. 
It is quite straightforward to show that the empirically inspired form 



W((/),V") = ^/W(0)2 + C/(V'«)2 + ^ (5.8) 



^^We take the explicit matrix square root as W = W.^ 1 + ^ {u{ij;°'Y + ^ j . 
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satisfies 



{pU,aU,a+qU' + Vo). (5.9) 



Thus non-perturbative stability will hold if 



pU,aU,a+qU^ + Vo>0. 



(5.10) 



Furthermore, since W(0, 0) = W(0), the energy of the dilaton domain wall background, 
evaluated using Ewn with the new V operator, vanishes, and this background has the same 
AdSd KiUing spinors found in Sec. 4. 

As we will see below, the inequality (5.10) is not a general property of superpotentials in 
supergravity. However, it is quite simple to check that it is valid in several known consistent 
truncations of Type JIB supergravity which involve scalars of negative and potentials 
unbounded below. 

The simplest model contains a single scalar whose mass, namely = —4, saturates the 
BF bound. It is a special case [22] of more general models [26] considered in the framework 
of gauged — S supergravity [27, 28]. With k^L^ = 1, the potential is 



One can check directly that (5.10) is satisfied. 

The general model of this type [26] involves 5 independent scalars with = —4. The 
potentials is a sum of exponentials of linear combinations of these fields. A special case in- 
volving 2 non- vanishing scalars was also derived from the viewpoint of consistent truncations 
of the Type IIB theory in [29] . The analysis of these models is somewhat more involved, but 
one can also show that (5.10) is satisfied. Since the left hand side of (5.10) is bounded, it is 
enough to check the inequality for the local minima and at infinity. Given the explicit form 
of the superpotential U one can easily show that the matrix p U,ab +q SabU is strictly positive 
definite and hence all the minima arc zeros of U,a which greatly simplifies the analysis. 

A different subtheory of gauged J\f — 8 supergravity with potential unbounded below 
contains [30] scalars with masses = —4 and — —3. The simplest version contains 2 
fields, called ipi,ip3 and the superpotential 



(5.11) 



and one easily finds the superpotential (using (5.3)) 



1 Jl 1 _2Vi 

[/(^) = -eV3 + -e v-3. 



(5.12) 




[cosh(2^i)(p6 -2) 



3p6 - 2] 



(5.13) 
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and p — exp [^j- Using the conventions of [30], one also finds that (5.10) holds. A more 
general version with 3 negative scalars was studied numerically. Again (5.10) is valid. 

There do not appear to be any consistent truncations of Type IIB supergravity which 
involve both positive and negative scalars, but several involve only positive fields, 
the simplest of these [31] contains the dilaton (j) and the breathing mode ip with = 32. 
The potential, which is bounded below, and superpotential are 

a 

It is easy to see that in this case the inequality (5.10) is violated for large negative ip. 
However the superpotential VV(0, ip) which provided the appropriate bound for truncations 
with negative need not work universally. For the breathing mode model, we can simply 
take the matrix superpotential W(0) of Sec. 4. The quantity 

- gW^ - Vii/j) (5.15) 

which appears in (3.8) is negative for all nonzero ■0, which is sufficient to establish stability. 

It is curious to note that another simple candidate superpotential, namely the product 
W = W(0)C/(V'")/C/(O), produces the inequality 

p(>V,<^ f + pW,a -qW^ - V(V^") = pW^U^ > (5.16) 

of the wrong sense for stability in all the models above. 

Further improvements of the arguments above may well be possible. However, we shall 
be content for the present with the non-perturbative stability arguments presented for the 
Janus solution which involve fluctuations of the metric, the dilaton, and several examples of 
negative scalars. 




(5.14) 



6 A curious linear dilaton solution 

In (4.42) of Sec. 4, it was noted that for constant potential V^cj)) = Vq of (2.3), there is a 
simple su{2) superpotential 
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C(0) = exp (^iK-^^^ (6.2) 

which appears among more comphcated imphcit solutions. As a simple consistency check of 
our formalism we now find the solution 0(r), A{r ) of the first order fiow equations (4.10, 4.11) 
for this W(0) and show that it is a solution of the second order equations of motion (2.11) 
or, equivalently, (2.2). 

First we compute W'(0), note that {W(0), W'(0)} = 0, and that the invariants 

are correctly related to the potential by (4.4). 
The flow equation (4.10) gives the solution 

Hr)^-^ir-ro) (6.5) 
The compatibility condition (4.8) implies that A' = 0, and (4.11) then gives (for = L) 

(Jj 

The linear scalar obviously satisfies the scalar equation of (2.11), and it is easy to check that 
the second equation in (2.11) is also satisfied. 
The line element (1.2) of this solution is 

ds"^ — ^— — gij{x)dx^dx^ + dr'^, (6-7) 

(jj 

where gij{x) is an AdSd metric. Thus wc find the non-singular geometry AdSd ^ Tl with 
accompanying linear scalar. One can verify directly that (2.2) is satisfied. It would be 
interesting to study the stability of this solution whose boundary structure differs from that 
considered in previous sections. 

For d — A this solution can be lifted to Type IIB by adjoining an 5*5 and self-dual 5-form. 
The full system is 

dsl^ = ^gij{x)dx'dx^ ^dr"^ ^t^d^l (6.8) 
2 

0(r) = ~^(^~^o) (6.9) 

Fad^Se = ■% £al3y5t (6.10) 



^■^This solution was found previously in [32] where linearized stability analysis was performed. The solution 
was also found in [33]. We thank A. Kehagias for pointing this out to us. 
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where dQ"^ is the metric on the unit 5-sphere, and af3'~f6e are 5-sphere coordinates. We 
require that this satisfy the 10-dimensional equations of motion 

1 1 

—^Rmn = dM(pdN4> + —Fmpors^n ' (6-11) 

96 

which quickly gives the scales I — L and Sq — 4:L^/k,. Until stability is established, it is 
premature to speculate about a possible physical application of this simple non-singular 
solution of Type IIB supergravity. 
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A Connection 1-forms and curvature tensor for do- 
main walls 

Let us start with flat domain walls in o? + 1 dimensions with the metric ansatz 

ds"" = e''^^%jdx'dx^ + e^'^^'-^drl (A.l) 

We introduce the vielbeins 

= e^dx\ = e'^dr. (A.2) 

The hat over an index indicates that it is a frame index. The range of indices i and j will 
be always taken 0, . . . d — 1. The spin connection one forms are given by 

Jf ^ A'e-^E\ = 0. (A.3) 
Nonzero components of the Ricci tensor (in curved indices) are then 

i?.. = -^..^dA'^ + A" -A'hY^-^\ 

Rrr = -d{A" + A'^ - A'h'). (A.4) 
Now, let us consider AdSd-sliced domain walls with the metric 

ds^ = e^^^'-^g.jdx'dx' + e^'^^'Ur^ (A.5) 
where Qij is a metric on the AdSd slices. In this case our choice of vielbeins is 

E^ = e^e^ = e^dr. (A.6) 
where we have denoted with the vielbein for AdSa- The spin connection is now 

Jf = Ae-^E\ = up, (A.7) 

where o)*^ is the spin connection on the AdSa slices, whose explicit form is not needed. . 
Nonzero components of the Ricci tensor are given by 

Rij = Ri,-gi,{dA'^ + A" -A'h')e^^-^\ 

Rrr = -d{A" + A'^ -A'h'), (A.8) 

where 

- d — 1 / A 

Rij = T2-9ij (A.9) 

d 

is the Ricci tensor of AdSd space of scale L^. 
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B Further information on Janus domain walls 



B.l Explicit form of solution for d = 2. 

The metric for AdS2 sliced domain walls in AdS'i in the r-coordinate takes the form 

ds^ = e^''^'-'^ds\^s, + dr\ (B.l) 
The explicit solution of the equations of motion is 

A{r) = ^ log Q (^1 + Vl - 4& cosh 2r) ^ 

V2 , (l-\/r^^)tanhr 
0(r) = 00 + — arctanh^ ^ . (B.2) 

This is the solution for L = Ld = 1. To restore dependence on the scale L, one just replaces 
r by r/L. The relation of the constant 6 to c defined by (p' = ce~'^'^ is 

b^±!l±-. (B.3) 

Two coordinate independent features are evident. First the critical value of b beyond which 
the geometry contains a naked singularity is 6 = |. Second the asymptotic values of on 
the two components of the boundary are 

, , , arctanh2v^ 

(/)±oo = 00 ± 7= ■ (B.4) 

v2k 

B.2 Radial coordinate /i. 

After change of variable, the integral (2.21) which defines the wall profile can be written as 



/ dx , , (B.5) 



where Xmin is the smallest positive root of the polynomial in the denominator. The maximum 
value of /X is 

Uo — dx , :. (B.6) 

Jo Vl-x^ + bx^^ ^ ' 

Series expansion in the parameter h gives 
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Calculating the expansion of fig to order and arbitrary d it is easy to guess the form of 
the expansion to all orders in b 

r(,,d + i) 

Wc have verified this formula to all orders in b analytically for d — 1,2 and numerically for 
d — A. The convenient form 

yields the series expansion of in terms of x = 

//o - = arcsinx - b ^^^^ [d + d + x'j + 0(6^^+^). (B.IO) 

Inverting the series we find 

g-^(M) ^ X = sin(//o - pi) 

+0(62sin^'^+2^/xo-/x)). (B.ll) 
Near the boundary ~ //q the form of the scale factor is 

e^^W « -^-^^ r [1 + Oi^i - /.o)T . (B.12) 

sm (/i-/io) 

The equations above define A{n) in the region < /x < /xq- flowever, as discussed in Sec. 
2, it can be extended as an even C°° function to the full range —fiQ < fi < fiQ. 

In the special case o? = 2 we can integrate (B.9) and invert to obtain the explicit solution 



7sn(^i(/io-/i),V67'), (B.13) 



where 



7 = ^min = , I = (B-14) 

is the smallest positive root of the equation 1 — + bx^ — and sn{u, k) is the standard 
Jacobi elliptic function. Note that the metric is doubly periodic'-'*' in the coordinate /i. The 
real period is 

A-fK{Vb-f^). (B.15) 

One may easily check using the definition of the complete elliptic integral that this is the same 
as 4/io- The period clearly blows up as b approaches its critical value ^ which corresponds 
to 7 = 72. 



^''Real periodicity in /x can be proved to exist for all dimensions. The second complex period is special to 
d= 2 and it would be interesting to see if it has a deeper meaning. 
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